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1. The Dawn of the Quantum Theory

How was science at the end of 19 century?

periodic table of the elements and atomic weights
Chemistry 4 molecular structure of compounds
theory of chemical reactions

thermodynamics and the concept of entropy
optics and electromagnetics
Physics of light: Maxwell’s equations

Hertz’s experiments S Light is _
of discharge electromagnetic wave.

generalization of Newtonian mechanics (= analytical mechanics)
Physics {

At the beginning of 20 century,
The theory of relativity
Quantum theory } —> Big switch of the existing physics

—> Huge impact on chemistry, including {atomic structure

chemical bonding
spectroscopy



1-1 Blackbody Radiation could not be Explained by
Classical Mechanics.

(Classical Rayleigh-Jeans law)
— Ultraviolet catastrophe

Heated object emits light (= radiation). 2—';, Temperature, T
Blackbody radiation law %
87[kBT 5 >
dP(ViT):,Ov(T)dVZ vidv =
5
<

Frequency, v

1-2 Planck Used a Quantum Hypothesis to Derive the
Blackbody Radiation Law.

Planck (1900) hypothesized that the electronic oscillation in a material is quantized

(E=hv). 8th 13
> dp(vT)=p.(Ndv="7——dv

kel —1
Limit of hv <<1 gives Rayleigh-Jeans formula.
B
Wien’s displacement law (empirical law): Amax! = 2.90x10° mK
Planck formula affords a coefficient 2.899 X 10 mK.

Blackbody radiation of 6000 K approximates the spectrum of sunlight.



1-3 Einstein Explained the Photoelectronic Effect
with a Quantum Hypothesis.

Hertz (1887) found that metal surface emits electron when irradiated with light
(= photoelectron effect).

Kinetic energy irrespective of the intensity of light
Threshold of frequency

Einstein (1905)
-explained photoelectronic effect using Planck formula.

-deduced that the emitted light is quantized (—photon).

KE :lmu2 =hv—-¢ Table of work functions
_ _ Materials ¢l eV
(¢ 1s work function) Na 5 36
Au (100) 5.22
GaAs (100) 4.6
anthracene 4.71
Cu-phthalocyanine 4.56

1eV=1.602X10%J



1-4 The Hydrogen Atomic Spectrum Consists
of Several Series of Lines.

Atoms at high temperature emits light (with specific frequency).

Balmer’s empirical formula (for Hydrogen’s emission spectrum line)

vy =8.2202x10" x(l—izj Hz
n
excitationsofn=2 — n=3,4,5--- (Balmer series)

1-5 The Rydberg Formula Accounts for All the Lines
in the Hydrogen Atomic Spectrum.

Rydberg (~1887): N
V =

1 109680x (i —i) cm
A ng n3

L Rydberg constant (R,,)
Similar formula can hold for other atomic spectrum line

- 1 1 . .
V oC (? —?j cm® = Ritz’s combination rule
1 2



1-6 Louis de Broglie Postulated that Matter has Wavelike Properties

Physical description of light: wave-like

particle-like} —> wave-particle duality

Einstein (theory of relativity)

h h Kk
]“ZE (p:zzg_nh:khj Moving particle Al pm
de Broglie formula 100 V electron 120
H Ra oray 6.6 X103
A= — (de Broglie wavelenghth) golf ball 4.9 1022

1-7 de Broglie Waves are Observed Experimentally

X ray beam — X ray diffraction
electron beam — electron (beam) diffraction — TEM

Physical description of electron:
particle-like (J.J. Thomson, Nobel prize winner (1906))

wave-like (G.P. Thomson, Nobel prize winner (1937))



1-8 The Bohr Theory of the Hydrogen Atom can be Used
to Derive the Rydberg Formula

Bohr’s hydrogen atom model
Balance of Coulombic force and centrifugal force
e? mo?

= = classically forbidden (unsustainable motion)
Ate,r? r

Introduction of non-classic condition

2nr =nA (A: de Broglie wavelength)
mor = nh (quantization of angular momentum)
== N= 92
—— n=3 r= Amgoh " _ 5.292x107* m (Bohr radius (a,))
— n=2 me?
cE__ e’ me* 1
8re,r 8regh? n?
met (1 1 (Bohr frequency condition)
AE = ( — j =hv
8neggh?\nf  n3
——n=1 ; 109737 cmt =R (cf. R, =109680 cm)

(2R, is used as atomic unit of energy)



1-9 The Heisenberg Uncertainty Principle States the Position
and the Momentum of a Particle Cannot be Specified
Simultaneously with Unlimited Precision

Resolution of microscope  Ax~ A (wavelength of light)

Momentum of light p= = partially transferred to electrons

h
2

AX-Ap>h  Uncertainty principle

!
Conflict with Bohr theory

!

Construction of new quantum theory



5. The Harmonic Oscillator and the Rigid Rotor:
Two spectroscopic Models

{ Harmonic Oscillator — Vibrational spectra (Force constants of molecules)
Rigid Rotor —— Rotational spectra (Bond lengths)

Classical{oscillator = quantum mechanical representation of energy
rotor

5-1 A Harmonic Oscillator Obeys Hook’s Law.

T ) F— kx X(t) = C, sin wt + C, sin wt

k: force constant =Cexpli(ot—g)]

X
K
® =,—
m

V(x):—J'f(x)dx

k
=—x2+V (0
> XV (0

2 2 2
K:k%sinza)t, V :k%cosza)t, E=K+V :k%



5-2 The Equation for a Harmonic-Oscillator Model of a Diatomic
Molecule Contains the Reduced Mass of the Molecule.

Two particles connected with a spring

m, (2( @’27 m, centroid coordinate relative coordinate
| X:m1X1+m2X2 X:XZ_Xl_IO
0 m +m, 2
Xm d2 X il d Z(-l-kX:O
= =k(x2 —x.—1o) (M, +m,) =0 my +m, dt
J dt dt® X = Cexpli(awt —¢)]
dx,
m2—2 :_k(XZ _Xl_IO) K mm,
L dt w=_|— U=
2 m+m,

5-3 The Harmonic Oscillator Approximation Results from
the Expansion of an Internuclear Potential Around its Minimum.

Taylor expansion

1d2V

vy =vao)+2¥ T

1 I
\ ]
‘ ;
\ 2
\ 1
\ 1
\ {

1 1
V(X)==k®+ =9 +--
(x) 2 67X anharmonic terms

ly (— Chapter 13)




5-4 The Energy levels of a1 Quantum-Mechanical Harmonic
Oscillator is E, :h“’f‘”ij s, Wherev=0,1, 2, ...

_ndy
21 dx?

Vw0 =Ev(), V() =2ke
EV:h\/E(V-l-E) Eo:ha)(0+i):£ha)
u 2 2) 2
_ ha)(v+l) Zero-point energy
2

5-5 The Harmonic Oscillator Accounts for the Infrared Spectrum
of a Diatomic Molecule.

K 1 Compound k/Nmt v lcmt
Evzh\/;(v+§) v=0,12,--- H, 510 4401
AE =hvgs Av=+1 D, 527 2990

k H3°Cl 478 2886
= Ev+1 - Ev =h,|—
i 160, 1142 1556
Vo = | X ({7 _ L \E j 1N, 2243 2330
“TomVu U 2me\u 12C160 1857 2143




5-6 The Harmonic-Oscillator Wave Functions Involve
Hermite Polynomials.

Yy (X) = NVHV(\/EX) exp(

[k

HO(SZ):]-
Hl(g)zzé:

H, (&) =482 -2
H3($) =85° 128

N

J

| dHL(9)

dg

_a_xzj
2

o 1/4
- y NV — _
h? V2Vl (ﬂ:)

=2vH,_1(¢&)

N,H,(9exp(-£12)
5

IWV *(X)wy(X)dx =0, orthonormalized

5-7 Hermite Polynomials are Either Even or Odd Functions.

Vo(ox) = {%(X)

(v:even)
—y(x) (v:odd)

Average of the position

(X) = [y * () xw, (x) dx =0

Average of the momentum

(p) =00 -0 5y (0 =0



5-8 The Energy Levels of a Rigid Rotor is E=7%J(J+1)/2l.

Rigid-rotor model: bond length holds unchanged during rotation.

/\4& Vi = 27'|:r1Vrot =hw, V, = 27Tr2Vrot =hw
II
“|1 .

1, 1

1
K== m1V12 +—MyV, — IC()Z
2 2 2
7 mym
S m, | =mu° +mph’ =————(h+15,)% = ur?
Iy m, +my

Angular momentum L=l®

Kinetic Energy K=—"
21

A n?|10( , 02 1 o0(. ,0 1 0?
H=————|r + — sing + —
2u (ror\_ or?) r2sind o6 06) r2sin?f\ 0¢?
hZ{la(zaZJ} 2
= 2= |+ —
2u (ror\ or? 21

L2Y (8, ) = 723 (3 +D)Y (6, ) Y (0,0) =0®(@)D(p) : spherical harmonics




5-8 The Energy Levels of a Rigid Rotor is E=72J(J+1)/2l . (cont.)

I m O, (0 D,(9)
1 1

0|0 | & =

1 0 %cos@ %

1 | 1 @sin 0 %exp(ﬂ@)

2 0 %(\%052 6-1) %

2 +1 %sin 0 cosf %exp(iigo)

2 +9 %sinz 0 %exp(iiZgo)

3 0 %(5%33 6 —3co0s0) %

3 +1 4£j;;sin0(50052 6-1) %exp(iigo)

3 +9 \f/lio sin? #cosd %exp(ti&p)

3 +13 %sin3 0 %exp(ii’sgo)




5-9 The Rigid Rotor is a Model for a Rotating Diatomic
Molecule.

Selection rule among rotation levels: AJ =+1

AE =E, - ———KJ+DU+2)\KJ+D}

hZ
= (+), J=012:~

| of diatomic molecule is 10-45~10-46 kg m?
= v =1019~10 Hz (microwave region)

v=2B(J+1), J=012,--

J=3
_h 5 h
8m?l 8n2cl AE = 6hB
B: rotational constant I=2 ‘
AE = 4hB |
Microwave absorption =1 2B 4B 6B 8B v
spectra show serial peaks at AE = 2hB

2B intervals.



13. Molecular Spectroscopy

Microwave absorption spectroscopy
Infrared absorption spectroscopy

Classical models — normal-mode analysis, selection rule, group theory, etc.

13-1 Different Regions of the Electromagnetic Spectrum are
Used to Investigate Different Molecular Processes

Region Microwave Far IR Infrared Vis-UVv
v [Hz 10°~ 10 101! ~ 1083 1013~ 101 1014~ 1016
A I'm 0.3 ~3x103 3x103~10° | 3x10°~7x107 | 7x10°~ 2x107
v [cmt 0.033~3.3 3.3~330 330 ~ 14500 | 14500 ~ 50000
El] 6.6x10-%° ~ 6.6x1023 ~ 6.6x10-%1 ~ 2.9x10-1° ~
molecule! 6.6x10-%3 6.6x10-%1 2.9x101° 1.0x10-18
process rotation of rotation of vibration of electronic
polynuclear | small molecule flexible transition
molecule molecule




13-2 Rotational Transitions Accompany Vibrational Transitions.

1
Harmonic oscillator E, = (u+§jhv v=012,---
1 |k
V=— [—
21\ i
Energy of molecular vibration G(v) = (u+%j17 (=E/hc)
hZ
Rigid rotor E, :EJ(J +1) J=012,--
degeneracy 9, =2J+1
Energy of molecular rotation FJ)= BJ (J+1) (=E,/hc)

E,; :G(U)+F(J):(u+%j17+l§J(J +1)

ca. 100 ~1000:1



13-2 Rotational Transitions Accompany Vibrational Transitions.
(cont.)
Av=+1

Selection rule
AJ =11

when AJ =+1

~

Vopbs = Eu+1,J+1 - EU,J

=v+2B(J+1) J=012,-- (R-branch)

~

when AjJ=_1
;obs — Eu+1,J—1 - EU,J
=v-2BJ J=12, - (P-branch)
P-branch R-branch
A \
[ \ [ |
P(2) P(1) R(0) R(1) RE)
. . \ w interval reduces
interval increases _ “ N
- A | A

~

vV —»



13-3 Vibration-Rotation Interaction Accounts for the Unequal
Spacing of the Lines in the P and R Branches
of a Vibration-Rotation Spectrum

E | =[u+%j{7+§J(J +1)

Ul

h

5o
8nCLR,

R, increases with
Increasing v

=B decreases (B, < B,)
when v=0->1

Vo (AJ = +1) =g{7+ B,(J +1)(J +2)—%{7— B,J (J +1)
=V +2B, +(3B, - B,)J +(B,— B,)J?

v +B,(J-1)J —%17— B,J (J +1)

| o

(M =-)=7

=V —(B,—B,)J +(B,—B,)J”

For 1H1?7| B. =6.508cm™, . =0.168cm™



13-4 The Lines in a Pure Rotational Spectrum are
not Equally Spaced

Molecule rotates vigorously = bonds are lengthened (— I increases)

F(J)=BJ(J +1)-DJ*(J +1)

D : centrifugal distortion constant

v =FJ+1)-F()
=2B(J +1)-4D(J +1)°

~ ~

For 1H35CI: B =10.403cm™ D =0.00044cm™



13-5 Overtones are Observed in Vibrational Spectra

1dv
21 dR?

\ 7 :Exz+ﬁx3+ﬁx4...
\}g/-----' 2" 6 24

- 1\ - - 1)?
R G)=v,|v+= |[-XV,|v+= | +--
2 2

X,(<<1): anharmonicity
constant

selectionrule: Av=41,+2,£3,---  intensity is weakened over 2nd harmonic.

V(R)=V(R,)+ (R-R)?+---

V(R)
i
|
1
4-"‘-

Vs =G(0)-G(0)=v,o—Xv,o(L+])

For IH3Cl : v, =2990.9cm™, X, =52.82cm™



13-6 Electronic Spectra Contain Electronic, Vibrational,
and Rotational Information

Energy gap between electronic levels — visible ~ ultraviolet
Each level is accompanied by vibrational and rotational levels.

Born-Oppenheimer approximation: Electronic and rovibrational levels are independent.

Etotal =V V. +G(U)+ F(‘J)

=V, +( 1)’& 21’7( —j +BJ(J +1)—DJI?(J +1)?

~ = (15 15 (1 1~,, y
Vs = To +| = Ve ==XV, |—| =vI—-=XV
2 4 2 4

+V 0" =XV (V' +1)

V(R)

-~ -~ ! v AN ! !
=V +V,0' —XvU'(U'+1) v =012,---




13-7 The Franck-Condon Principle Predicts the Relative
Intensities of Vibronic Transitions

\—= N / v’=0 h\ 3 4
U:

\1\0\;3 » LIl

v’ / Internuclear distance is almost

3 PN HVaN
Zl\g;/ unchanged.
= Frank-Condon principle

13-8 The Rotational Spectrum of a Polyatomic Molecule Depends
Upon the Principal Moments of Inertia of the Molecule

Moment of inertia I, 1, 1,, (moment of inertia around axes)

Product of inertia Ly yzs Lo Lo 1y L

l, | l,, I, 0 O Diagonalization is realized for a certain

|1 >0 Iy O coordinate system.

Lo 0 0 | = principal moment of inertia (I, <lg <. )
C



13-8 The Rotational Spectrum of a Polyatomic Molecule Depends
Upon the Principal Moments of Inertia of the Molecule. (cont.)

Rotational constants: A>B>C
h

Am g B G
8n°cl, 8n°cl, 8n°cl.
Ospherical top Osymmetrical top Oasymmetrical top
I,= 15 =1 1, <lg=1. (prolate) l\# 15 # I
1 =15<I. (flat)
Energy levels of prolate symmetric top
J=012,--- —

F(J,K)=BJ(J +1) +(A-B)K?
Energy levels of flat symmetrical top
F(J,K)=BJ(J +1) +(C —B)K?

K=0,z1,%+2,---+J

selection rules: AJ =0,+#1 AK =0 (K #0)
AJ=21 AK=0 (K=0)

=/

Polynuclear molecules have small stiffness. flat spherical  prolate
= large centrifugal distortion



13-8 The Rotational Spectrum of a Polyatomic Molecule Depends
Upon the Principal Moments of Inertia of the Molecule. (cont.)

Prolate symmetrical top




13-8 The Rotational Spectrum of a Polyatomic Molecule Depends
Upon the Principal Moments of Inertia of the Molecule. (cont.)

Flat symmetrical top




Center of Mass
4570 3.016 5.231

Molecular Weight
211.084

Tensor of Inertia

1674.674 45.952 106.506
45.952 1179.412 338.680
106.506 338.680 678.149

Principal Moment of Inertia
1701.819 1327.732 502.684

Principal Axes

0.968 0.191 0.164
0.244 -0.876 -0.417
-0.064 -0.443 0.894




13-9 The Vibrations of Polyatomic Molecules are Represented
by Normal Coordinates.

3 translational
A molecule consisting — 3N degree - 3 rotational (2 for linear molecule)
of N atoms has of freedom | 3N-6 vibrational (3N-5 for linear molecule)

V(q11q2’°”q3N—6):V(O’O’”'O) ZZ[&] Oq Jq q,

— EZ; fijqiqj

:%Z F.Q/’° {Qj} normal mode coordinate
J

3

A h* d* 1 )
Hvi =—) — +— FQ
b ; 2 dQZ 2; 1<)

nod® 1 . 1
_Z( 2 dQ 2 JQ j ;Hvib,j >:>E:;h‘/](u]+§j

j

Wain(Quy Qzr " Qan6) = Wiin 1 (Q)W1in2(Q) - W oin an-6 (Qan 6)

J



Normal modes of H,O

, e .

A, 3650 cmt o B, 3760 cmt “ A, 1600 cm

Selection rule: Av=+1 _ _ _
Dipole moment is parallel to bond axis.
AJ ==1
Av=+1

AJ = O,il} Dipole moment is perpendicular to bond axis.



Equation of motion for coupled oscillator

2

Fix:mi—zxi
dt
d2g
= (X; =%) =) ki (X; =)
;dmxj ’ Z,.:’ ’
Ky =—K;
:}F = — KX
Kii:Zj:kij ” ; -

X = X, eXp(—lawt)

Y KX, =me’x = Kx = Mxa?
j

V :lxth:Extha)2
2 2

¢: two-body potential

When a force proportional to displacement is
taken into account, it is called harmonic
approximation.

K : stiffness matrix

Oscillating x is assumed as a solution.

Simultaneous equations for all the particles.
— An equation of matrix

V: Vibrational energy



Hessian method

M KX = Xw?

m,

0
my
my
0
Hy
Hy

My

02U 02U 02U
ox; X0y,  OXdy,
02U o°U oU
OY,0% 8y12 0Y,07,
02U o°U o°U

oL0%, 0Ly, Oz

o°U o°U o°U
Oy OXOYy X0z,
o°U o°U o°U
8yNaXN Wﬁ ayNaZN
o°U o°U o°U
070X, 07,0y,  OIf
Xl
Y1
Z;l X is an eigenvector of M-1K.
X, — You have to find a set of x that
Vi diagonalizes M-K.
ZN




Mass-weighted Hessian method

-1 . 2 . . .
M7Kx=Xa M-1K is not a symmetric matrix.
—X’s are not orthogonal to
M Y2KM “Y2M Y2x = M Y2x 2 each other.

—® 18 not necessarily real.

Jm,
\/ﬁl 0 When we multiply M¥2 on the
\/ﬁ both hands of the equation.
1
M 1/2 —
My M is a diagonal matrix.
0 My, —M?Y2 s easily obtained.
\ mN

D is symmetrical matrix.

M —1/2KM -1/2 =D
M2y = }:> Dw = wo? D, = \/;i\//TjKij —30-called dynamical matrix



Natural oscillation of a diatomic molecule (cont.)

mass-weighted coordinate (orthonormalized)

Cartesian coordinate

NEEVELY VI tafl [
\/,U1+,Uz \/ﬂlﬂz )

Cartesian coordinate (normalized)

o1 (\/ufw% V2u J

Vo +18) \ Nt + 13 —2u,

modal mass matrix

o+ 0
0
XTMX =| 24t -[™
0 th+ L 0 my
i+ 113

modal stiffness matrix

0 0

2 IR

XTKX =| (,U12+,U22 K =( j
J 2?7

angular frequency

K+ Ky
oy =,/— oy = |
My My
( ﬂlJr,Uz]

=0, o=



Natural oscillation of a linear triatomic molecule

K12 K23 Ky — i, Ky 0
@MM@\A/W@ M™2KM ™2 = | — it Ky o 1, (K +Kyg) =t i3 Ky
ml m2 m3 0 — a5 Ky MK
w* =0, % {(,Ul + 1)Ko + (12 + 113) Kys £ \/{(,Ul + 1)Kz — (12 + 113) Ko }2 +4 15K ,K }

11 t
V3 V2 2t +2u8)
m, =m; » % = 1 0 _ 2 1L
Kp =Kyu =K J3 J2(u2 +2.23)
1 _ 1 t
V3 N2 2(u +243)
2m1;r m, 0 0 0 0 0
XTMX = 0 m, 0 XTKX=|0 K 0
0 0 mum, (2m, +m,) 0 0 (ﬂ; +2115) K
2m? +m3 pf + 25




13-10 Normal Coordinates Belong to Irreducible Representation

of Molecular Point Groups.

C2V E C2 GV,(XZ) Gv(yz)
C,(2)
A, 1 1 1 1
o(y2) A, 1 1 1 1
0)

H/ AN B, 1 -1 1 -1

B, 1 -1 -1 1
GV’(XZ) sz E CZ GV’(XZ) Gv(yz)

1 9 -1 1 3

T.T,T, = By,B,A
R. R, R, = B, By A,
vibrations = A, A, B,



13-11 Selection Rules are Derived from Time-dependent
Perturbation Theory.

Time-dependent Schrodinger equation: |3|S”=ih%y, Tn(l’,t)ﬂ//n(")e)(p{—i E;.:t}

Perturbation from electromagnetic field: E = E,cos2nt
H® =—4-E=—u-E,cos2nut

. Eft . Et
Two-state Model: v.(t) =y, exp[— [ 71} v,t) =y, exp[— | 72}

By substituting y = g, (t)¥, +a, (t)¥, into H+HYy = ih%P , We obtain

H “’(al exp[— i %t}% +a, exp[— i %t wzj

(0 = . oa E
= |h(%j exp_— | ?t}/xl - 'h(ﬁzj exp{— i ?Zt}//2




13-11 Selection Rules are Derived from Time-dependent
Perturbation Theory. (cont.)
Multiply yfz* and integrate over the space. Then, assuming &,(0) =1, a,(0) =0,
we obtain :

aaz _ ' ( \=2"*=) @
E__h [ i }I%H yde
E, E-I—hvt E,-E —hv)t’
(0= (1)E, {exp[( ) }exp{( =hv) }}dt
E,-E —hv)t I

1 exp[ ( V)} sinc(x):—smx
_E(/U )12 Eo, 3 U [ X
2 : E,-E —hv ol

sinc?(x)

Here, the transition dipole moment,
(/uz )12 — Jl/jz*:uzl)”1 d 4

was defied.

a, (t)a,(t) =

0.5

y:

2 242
‘('uZ)ljl‘thozt Sincz((Ez_ilh_hv)tj -10 -8 6 -4 -2 0 2 4 6 8 10



13-12 The selection rule in the Rigid Rotor Approximation is
AJ= *+1.

(1) = | [Y2"(6.0) 21, Y, (6,4)sin 0 dedg
[, = 1Ccose

- M'=M,J'=J+1lorJ-1
= AM =0, A =+1

13-13 The Harmonic Oscillator Selection Ruleis Av= +=1.

(/uz)u,u’ = I NUNU' Hu’ (al/Zq)e—aqz/Zl&Z Hz)(CZl/zq)e_an/2 dq
H, =€(

— U =v+1,0-1
= Av=%1



13-14 Group Theory is Used to Determine the Infrared Activity
of Normal Coordinate Vibrations Problems

lo 1= IWo(Qp QZ""Q3N6:/L72‘W1(Q1’ Q.+ Qgn_p) dQAQ, ---dQyy 4

Ground state Excited state
(totally symmetric) | (Symmetry depends on normal mode)

Al lux> My’ :U“Z:> 811821A1

Combination table for water case:

- (sym Stretch)

Bl (:ux)
BZ (luy) B
Al (Uz) @

J

A, 3650 cm? B, 3760 cm A, 1600 cm



18. Partition Function and Ideal Gases

Boltzmann factor: describes a probability that a system in a state of energy E;.

f, o exp{— i} kg: Boltzmann constant

B

1 E; E
Partition function Q: szaexlo{ kBT} where Q= ZGXp{ kT}

=
Boltzmann statistics defines: Q(N,V,T) = [q(VN' Jh

qV,T)= Zexp{ kT}

Average energy: <g> o



18-1 The Translational Partition Function of Monoatomic Ideal
Gas is (2imkg TIH?)32V .

Atomic energy of monoatomic ideal gas: Eatomic = Euans F Eelec

. ] ] ) q(VaT):qtrans(VaT)qelec(r)
Translational energy state in a cubic container:

2

n,ny,n

~(n, +n°+n7)  n,n,n, =12,

™~ 8ma ey
00 0 0 0 ﬂhZ , , )
Qrans = Zexp[_ﬂgnn n ]:Zzzexp _—z(nx +ny +0, )
ny,ny,n,=1 o ne=lny,=ln,=1 8ma
% 2 2\ 2 2 3
=D exp _M — || =| | exp _Mh n2 dn
n=1 8ma 0 8ma
2nmk T )
= h2 V

Average energy <gtrans>=kBT2(Mj _..23
\Y



18-2 Most of Atoms are in the Ground Electronic State at Room
Temperature.

Electronic partition function:  Ueiec = qui exp(— ﬂgei)
qelec(r) =0 ter EXp(— ,Bgez )-l— co

_ 10000cm™ 1 10°K = second or later terms are
0.6950cm™ KT T (often) negligible.

Normally...  g¢_

ex.) Ratio of helium atoms in 3S, state (1s2s) 3S; — 1S, = 159850.318 cm!

f = 3exp(= fzes) _ 107 (T =300K)
1+ 3exp(- Be.,)+exp(- Be.;) |10 (T =3000K)

8 In Qj 3 Nge28e2 exp(_ /8892)_|_ ce
N,V

=—kgT +
oT °

Average energy U = kBTZ(
2 qelec

Heat capacity  C, = (%{) = g R
N,V

Pressure P= kBT(a In Qj = Nk T (state equation of ideal gas)
N T Vv



18-3 The energy of a Diatomic Molecule can be Approximated as
a Sum of Separate Terms.

3/2
&= 8trans + grot + gwb + gelec trans — |:27'E(m1 —I:;nz)kBT :l
QINV,T) = [av, T)I" |
N! baseline ofq,, = J=0
AV, T) = AyansUiotDvioelec baseline of q,;, = o© =0, bottom of potential

baseline of q,,. = bottom of potential

18-4 Most Molecules are in the Ground Vibrational State.

Harmonic oscillator approximation:

g, :(U+1jhv
2

0 (T) = Zulexp(— pe,) Zexp{ ( jh v}

.. exp(— o4 hZVJ
- exp(_ B 7)2 exp(- o) = - exp(~phv)




18-4 Most Molecules are in the Ground Vibrational State. (cont.)

- . 1.0
Vibrational Temperature: @, = v

B 0.8-
eXp(_@vib/ZT) o 0.6

qvib (T) - —
1_eXp(—@vib/T) S 04,
0.2-
Energy -
00 02 04 06 08 10
(Eyi) = NkgT?2 dIn gy, ~ Nkq Oin N O e
dT 2 eXp(—@vib/T)—l
Heat Capacity
d Evi @Vi 2 ex _@vi T 0.81
Cvvib = <d b>:R( Tbj (=6 /T) 2 ' phv=1
T [ 1-exp(-6u/T) | 0.6-
Probability of vibrational excitation —* 0.4
exp(— ph v(u + ljj %21
: | |
f, = 0.0 |

qvib 0 1 2 3 A',



18-5 Most Molecules are in Excited Rotational States.

23 +1)

Energy level of rigid rotor: &, (J=012,--")
2| degeneracy
: g, =2 +1
N _ £ hed(J+1)
Partition function: G (T)=>_(2J +1)exp - 3 T
J=0
2 > J(J+1
Rotation Temperature: O, = . _hB O (T) =D (23 +1) exp[— O ( )}
21k, ks i T
At ambient temperature, 6,/ is small.
o0 J(J+1
Oyt (T) =_[O (2 +1)exp|:_@rot (T )}dJ (high temperature
approximation)
T 8rflkgT
¢ h?

rot

Average rotational energy:
ding,, (rigid rotor
<Erot> = NksT* dT - = NkgT = degree of freedom is 2)



18-5 Most Molecules are in Excited Rotational States. (cont.)

0.104 1 1/2

' most probable value ~ (L) 1
0.081 » >
0.06

- ' J=7forCOat 300 K

0.041
0.02- This determines the profile of P- and R-
0.00- ‘ | | ‘ ‘ . branches of rotational spectrum.

0 2 4 6 8 10 12 14 16 18 20
J

18-6 Rotational Partition Functions Contain a Symmetry Number.

T)— T
Homonuclear diatomic molecule 0ot (T) = 260

rot
Heteronuclear diatomic molecule ¢ _ (T)= T
@I’Ot

In summary CI(V 1T) = OtransArot Qvib Getec
_{ZanBT T’ZV T exp[-Ou/2T]
h2 G@rot 1—exp[—@vib/T]

G €XP| De /ksT |



18-7 The Vibrational Partition Function of a Polyatomic Molecule
is a Product of Harmonic Oscillator Partition Functions for
Each Normal Coordinate.

Oinj = 1 eigenfrequency temperature

{3N —5 linear molecule
a =

3N —6 nonlinear molecule




18-8 The Form of the Rotational Partition Function of a
polyatomic Molecule Depends Upon the Shape of the Molecule.

For linear molecules

T _8mflkeT T
Orot (T) = o oo, o: symmetry number
For non-linear molecules . 3/2
Ja[ T : o
yryp bt spherical top (I,=1g=1.)
o \ Oy
1/2
0, (T) =+ [ T j[ ! j symmetrical top (1, =15 <1c)
o @rot,A @rot,C
T3 1/2
n j asymmetrical top (I, <Ig<Ic)
L o @rot,A@rot,B@rot,C

2

Where @rot,j :ﬂ
jnB

Is eigenrotational temperature (j = A, B, C).

-|-2 d Inqrot(T) _ 3RT
B =
dT 2

Average molar rotational energy U = N Ak

Heat capacity (_;V, = %



18-9 Calculated Molar Heat Capacities are in Very Good
Agreement with Experimental Data.

Linear polyatomic molecule (ideal gas)

2ntMKkgT T 31—['\"5 eXp[—@vib,j/ 2T ] { D, }
(\/ ) l: h :l G@rot ( j l—exp[—@vib'j /T] g ! p kBT

U e NZ: Vlbj @vib,j/T _ De
NkgT 2 2 j exp(—@vib,j/T)—l kT

Cy E g N vib,j 2 exp(_@"ib’j /T)
Nk 22 Z,:[( J | exp(—Ouin; /T )—ﬂzJ




18-9 Calculated Molar Heat Capacities are in Very Good
Agreement with Experimental Data. (cont.)

Non-linear polyatomic molecule (ideal gas)

ZanBT} y JE[ T3 T’Z

h @rot,A@rot,B@rot,C
N5 exp[—@,p; /2T
<11 POy /2T] ge.exp{—&}
i1 1-exp[ Oy /T] keT
Molar heat capacity (300 K)

U 3 3N 6 Vlbj VIbJ /T -
Nk.T 2 5 Z,:[ exp( Oy T) kBT calcd. | exptl.

C, 3 3 X2 ( Vijjz exp(— Vib'j/T)
3.3, CH, 330 3.29
Nkg 2 2 ,le[ | exp(=Buv; /T )—1]2 4

(VT)[

o}

H,O 3.03 3.01



20. Entropy and the Second Law of Thermodynamics

20-1 The Change of Energy Alone is not Sufficient to Determine
the Direction of a Spontaneous Process.

Spontaneously processing chemical reactions = always exothermic?
Diffusion of a gas: AU and AH are nearly 0 = but retrogression never happens.

Examples: mixing of gases, fusion of ice, reaction of Ba(OH), and NH,NQO;, etc.

20-2 Nonequilibrium Isolated Systems Evolve in a Direction that
Increases Their Disorder.

Spontaneous process — Disorder of the system increases.

l

*tendency for energy to be minimized
*tendency for disorder to be maximized

The first law tells: 5q,,, =dU —dW =C,,(T)dT + PdV

NRT
=C,(T)dT +TdV -+« This is not an exact differential.

(for q,., depends on paths of integration)



20-2 Nonequilibrium Isolated Systems Evolve in a Direction that
Increases Their Disorder. (cont.)

C (T)dT:de (T)dT +const.

NRT
v —dV # dj—dv +const. T depends on V.

By dividing by T, this gives:
SCIrev — CV(T) dT +n—RdV

T T
=dS

S: entropy §dS =0

S is a state function.



20-3 Unlike ¢q,.,, Entropy is a State Function

o 8qrev,B =0
® 50evc =Cy(T)dT

nRT;

. 6q rev,A - dV

T

= Qreva = NRT; In\é = Qrevgic = Cv (T) dT

1 T

Vi

in process B, AU =dw=-nRT/V dV

T
— Cv(M) dT :—nRIn\ﬁ

T T V]_

2
6 rev. - -
AS :j S:_ Is independent of the path V,
1

® AS, :nRIn\Q

1

® ASBZO

V
T2 ASg.c =0+nRIn—==AS
° ASC :_I CVT(T) dT B+C + Vl A
Ty

As temperature goes lower, the disorder of a system by 6q,,, is larger.



20-4 The Second Law of Thermodynamics States that the
Entropy of an Isolated System Increases as a Result of
Spontaneous Process.

Thermal energy: spontaneously moves from high-T region to low-T region (observed
fact).

U,+ Ug = const.
V,=const., Vg =const.
S=5,+5g

dUA = Sqrev + 8Wrev - TA dSA

— dS = dSp +dS, = d#"‘ + de
dUB — Sqrev + 6Wrev :TB dSB A B
du, =-dU,
ds = dus(i—i}
TB A
1f Tg > Ty, dUg <0, therefore dS >0 Sa S
At equilibrated state, dS =0 dS = dSprog + USexen = ASprag +?q > ?q

dS,.q: Produced inside the system (> 0) AS > J o9 (the Inequality of Clausius)
dS.,.n: given by heat exchange (3q/T) T



20-5 The Most Famous Equation of Statistical Thermodinamics is
S=ikzgIn W

Ensemble of A pieces of isolated systems
Energy E (degeneracy Q(E)) —»j=1,2, *+- Q(E)

\Volume Vv

Number N a, a, a, a, oo

of particles

Number of isolated systems in jth state = &; Zaj =4
W , Al Al J'

Number of Ways: W(a;,8z,-a0)!= ala,l---an! H a;!lt < {Stota' e

] ] Wag =WaWg
Entropy: S =kg INW

S is maximized in equilibrated system. = W is max. = All the n are the same.
j,aj=n = A=nQ

Q Q
Sencempie = Kg INW = kB[A In A —Zaj In aj] = kB[nQIn nQ—Zn In n} = ks (NQINQ)

= j=1
wINN!IZNInN-N (Stirling’s formula)
Sensemble — ngzssystem — Ssystem — kB InQ



20-6 We must Always Devise a Reversible Process to Calculate
Entropy Changes.

ex.1 Free expansion of gas SgiVAl

AS — IZ Sqrev
(isothermal process) 1T

Vo
Oy = —OWiey = PV =n|\j—TdV AS =nR v _ nRIn\é

v Vi

ex.2 At the interface of metal pieces of different temperature...
Energy: C, (T, ~T)=C,(T-T,) = T="21Te 5 as = ["Svar =, In 2
2 T T,
Entropy: .
High-T side AS, =Cy I Th+Te total change in entropy

2
2T e AS:ASh+ASC:CV|nM
Th+Te 4T,T,

(N

Low-Tside ASc=Cyln

(T, +T.)> >4T,T. therefore =~ AS>0



20-7 Thermodynamics Gives Us Insight into the Conversion of
Heat into Work.

AU engine — W+ Qrevh + Qreve = 0

engine

ASengine = OCevin + Ofev. —(0 (reversible)

Th Tc
—W=0revh T Jrevc w<0
Max efficiency 7 = — = Jrevh Flreve 4 _ Te _Th-le depends only on T.
qrev,h qrev,h Th Th

20-8 Entropy can be Expressed in Terms of a Partition Function.

U:kBTZ(anj :_(aanj Ldp 1

oT o "dT KeT?
szBT(aanj
av N, T

Al ZQ
Sensemb|e — kB In = kB A In /4 - aJ In aJ] — ASsystem
[ =1

IIaj!
j




20-8 Entropy can be Expressed in Terms of a Partition Function.
(cont.)

a.
Probability that the state of the systemisj: Pj = 7]

Sensemble - AkBZ pj In pj = Ssystem = kBZ pJ In pJ

exol- 5, (N.V)]
i =Pi(N,\V,p)=
. Pi=p;(N.V,5)= O(N.V, 5)

ssyste;=—kszexp[éﬂE"](—ﬂE,-—InQ):¥+kBInQ=kBT(8'ar}Qj ks INQ

ic | 1 (2zmk,T Y%
Monoatomic ideal gas Q=Q(N,V,T)= ; Vg,
in the ground state: NILU h

3/2
Entropy per 1 mol: S_=gR+RIn Vgel}—kBln N,!

- 2R+RIn| | == d
2 h N,

5 2umk, T )** Vig }



20-9 The Molecular Formula S = gInW is Analogous to
Thermodynamic Formula dS=06gq,., /T-

S=—kg > p;Inp,
j
By differentiating by p;, ds = _kBZ(dpj +In p,dp;)
j

dej —0 , therefore ds = _kBZm p,-dp,-
i i

exp[—,BEj]
—
dS =k, X |- AE; - InQpip,

Zj:[an]dpj :InQZj:dpj =0
then, dS=-pk;> E,dp,
j

Z E,dp, IS energy transferred among the system as heat during a reversible process.
j

By substituting Inp; with p; =

=dS = _H(BSQrev = 6(-::-rev
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26. Chemical Equilibrium

26-1 Chemical Equilibrium Results When the Gibbs Energy is a
Minimum with Respect to the Extent of Reaction

Gas phase reaction v, A(g)+vzB(Q) v, Y(9)+v,Z(Q)
Extent of reaction & dn, =-v,d¢& dn, =v,d&
dng =—-v d& dn, =v.,d&
_ _ oG
Chemical potential  #a =| =—
anA T,P,ng,ny,n,
at constant T, P: dG = u,dn, + pgdng + g,dny + z,dn,

= (—Valla —VgHg T Vy ity TV 1;)dE

oG
(—j =—Vallp —Velg +Vy iy +Vz i =AG
95 )1 p

in equilibrium, A.G=0

p v p vz (equilibrium
AG (T)=-RTInK(T) KP(T):[ o~ ]
eq

= constant)
P, AP"



26-2 An Equilibrium Constant is a Function of Temperature Only

P, PZVZj _ S
I:)AVA PBVB eq 1_§eq2

PCIl.(g) P

PCl,(9)+Cl,(9) Ke(T) =[

Equilibrium constant Ky(T) does not depend on a total pressure P, but P controls &,
= Le Chatelier’s principle

conversion from P-representation to c-representation: (P° =0.1 MPa, ¢ =1 mol L1)

K, =K. C’'RT KC:(cY/c)Y(cZ/c)Z
° (Calc)™(cg/c’)™

26-3 Standard Gibbs Energies of Formation can be Used to
Calculate Equilibrium Constants

AH° is calculated from standard enthalpy of formation.
AS’ is calculated from standard (absolute) entropy.

AG =AH -TAS’ A.G®
INKp(T) = -2
:VYAfGO[Y]+VzAfGO[Z]_VAAfGO[A]_VBAfGO[B] RT




26-4 A Plot of the Gibbs Energy of a Reaction Mixture Against
the Extent of Reaction is a Minimum at Equilibrium

N,0,(9)

G(&) = (1_§)C_;N204 + Zé:c_;NOz
=(1-£)G"n,0, +28G° N0, +(1-E)RT I Py,o, T2RT In Puo,

2NO,(9)

When a total pressure is 0.1 MPa 1
1-¢& 28 A;G’n,0, =97.787kImol

Ire o =1+§ A:G"no, =51.258kImol™

G(&) = (L- &) AGr0, +28AG o, + (L— ERT INS=S 4 28RT In 22
1+§ 1+§

Under appropriate standard conditions (RT = 2.4790 kJ mol-),
&= & o that minimizes G(&) leads to the equilibrium constant = K = 0.148

AG®
RT

This value coincides with that obtained from InKp(T) =-



26-5 The Ratio of the Reaction Quotient to the Equilibrium
Constant Determines the Direction in which a Reaction
will Proceed

vaA(9)+vB(9) vy Y(9)+v,Z(9)
AG=AG (T)+RT In% (P is not necessarily equilibrium pressure.)
A B
. ont: PP,
Reaction Quotient: Qp = T A,G=RTIn(Qp /K5;)
A B

Qp < Kp = Reaction proceeds from left to right spontaneously.
(Qp > Ky = right to left)

26-6 The Sign of A G and not that of A.G' Determines the
Direction of Reaction Spontaneity

AG” <0 = K, >1: Reaction proceeds from left to right.
AG” >0 = K, <1:Reaction proceeds from right to left.

N,O,(9) 2NO,(g) A,G <0: spontaneous (until Q, = Kp,)

2H,(g)+O,(Q) 2H,0(g) A,G <0: No reaction without any initiation.




26-7 The Variation of an Equilibrium Constant with Temperature
is Given by the van't Hoff Equation

Gibbs-Helmholtz formula

JdAG ) _ AH
or T ), T?
By representing Gibbs energy with equilibrium constant

olnK dink. A H:- AH > 0(endothermic) high-T—high-Kp
( oT Pj T - = RrT2 AH® < O0(exothermic) high-T—low-K,
P

Integration from T, to T, results:
Ke(T,) _ = AH'(T) — AH [ 1 1}
Kp (rl) E RT R \T, T
InK is proportional to 1/T (cf. Clausius-Clapeyron equation)

Temperature-dependence of A H
AH (M) =a+ T +yT° +6T° +--.

— conversion into temperature-dependence of K,

K, (M) =A% P27 0724
RT R R 2R



26-8 We can Calculate Equilibrium Constants in Terms of
Partition Functions

Gas phase reaction under constant V, T
VaA@Q)+veB(Q) == w/Y(9)+v;Z(9)
Helmbholtz energy: dA =, dn, + pzdng + g, dny, + ,dn,

Condition for chemical equilibrium: vy, +V 1, =Vapiy —Vgity =0

Partition function of a mixed gas is the product of those for each component.
Q :Q(NAl NB1 NY1 NZlV’T)
=Q(N ,,V,T)xQ(NgV,T)x--

= qA(V,T)NA X oo
N !

Chemical potential:

olnQ
=—-RT
Ha ( N,

A

] — _RTIn qA(I:I/’T) (- A=U-TS=—RTInQ)

Vy Vz Vy Vz
NY NZ :qY qZ

Va VB Va VB
N A N B qA qB

With an equilibrium condition, = representation of K _



26-8 We can Calculate Equilibrium Constants in Terms of

Partition Functions (cont.)
A. reaction of diatomic molecules

H2(9)+12(9) 2H1(9)
2
K(T)=-T
04,9,
((m2 ) (40505 \i-expl-0t 1T Jl-exp- 0% /T]}exIO 2D} - D{" - D}
mom, ) (O f—expl-o0 /7] RT
On calculating K, based on the right table,
—to plot against 1/T 500 138 4.92
—to derive AH from the line slope 750 51.1 3.93
Calcd.: -12.9 kJ/ mol ggg igi ggg
Obsd.: -13.4 kJ/ mol 1500 e Y

B. reaction of polyatomic molecules

to use rotation temperature of asymmetric top
to use vibration temperatures of normal modes calcd. exptl.

1000 23.5 23.3

Calculated formation constant of H,O(g) — 1500 13.1 13.2
2000 8.52 8.15



26-9 Molecular Partition Functions and Related Thermodynamic
Data Are Extensively Tabulated (omitted)

26-10 Equilibrium Constants for Real Gases are Expressed in
Terms of Partial Fugacities

Chemical potential of non-ideal gas (introduction of fugacity f)
u(T,P)=w(T)+RT In% =u'(T)+RTInf relative to standard state f °

gas phase reaction

VaA(Q)+vgB(9) =—== »,Y(9)+v,Z(9)
At equilibrium condition (A,G = 0)
ArG:ArG°+RTInQ:O = AG"=-RTInK, K,(T)= i
AVA f VB fAVA fBVB
eq
1 3 Kf' thermodynamical equilibrium constant
§N2(9)+§Hz(g) NH;(9)
6 59 6 55
3 6.76 6.59
5 6.90 6.50
10 7.25 6.36

30 8.84 6.08



26-11 Thermodynamic Equilibrium Constants are Expressed in
Terms of Activities

Chemical potential of non-ideal solution (introduction of activity)

#j=p; +RTINa;  solvent of a dilute solution: a; — x; when x, — 1
4" is a chemical potential of pure solvent (Raoult’s standard state)

t; = u; +RTIna, slutes of a dilute solution: a; — ¢; when ¢; — 0
yjo Is a chemical potential of solute in 1 M ideal solution
(Henry’s standard state)
General reaction

v A+1B v Y +v,Z

At equilibrium condition (A,G = 0),
aYVYaZVz

Va VB
aA aB

AG=AG +RTlIn =0 = A,G°=-RTInK, Ka(T):[—aY % j
eq

aAvA anB
K,: thermodynamical equilibrium constant
Calculation of activity 1 P
|ﬂa=ﬁ_‘; V dP (gas phase)

V
—— (P-1 condensed phase
RT( ) ( phase)



26-12 The Use of Activities Makes a Significant Difference in
Solubility Calculations Involving lonic Species

Dissociation of aqueous acetic acid (0.100 M)

CH,COOH(ag)+ H,O(l) H,0"(g) + CH,COO (aq)
K — aHg)o+ aCH3COO’ _ aH?,o+ aCH3COO’ _174x10°°
: Ach,coon@h,o Ach,cooH
C. .C 2

Hy0" “CH,Co0™ /£

= approx.y- =1 = Cyz0.=1.31 mM, pH=2.88

CCH3COOH
Calculating y.. (by Debye-Hiickel’s limiting law, 1. is ionic strength)
1.173z,z |(1,)"? 1
In Ve =" 1+(1 )1/2 .= E (CH30+ t CCchoo-) - CHgo+ - CCH3COO‘

=Cu30+ — 1.31 mM as initial value results y.., which gives new c,,,5, (iteratively).
= 7. =0.959, C30.=1.37 MM, pH =2.86

More noticeable error occurs in calculating solubility.
For BaF,: approx.y.=1 = s=7.52X103 M
iterative method y. =0.700 = s=0.011 M
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